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The largest number n = n(k) for which there exists a k-coloring of the edges of 
K, with every triangle 2-colored is found to be n(k) = 2’5”, where k = 2m + r and 
r = 0 or 1, and all such colorings are given. We also prove the best possible result 
that a k-colored K, satisfying 1 < k < 1 + dp contains at most k - 2 vertices not 
in a bichromatic triangle. 
Let each of the edges of the complete graph KP be colored with one of k 
colors. A subgraph K, of K, is called a triangle and is monochromatic, 
bichromatic or trichromatic according to whether it has 1, 2 or 3 colors. 
Denote by n = n(k) the largest natural number such that there exists a k- 
coloring of K, with every triangle bichromatic and by B, the set of all such 
k-colorings. Clearly n(1) = 2 and B, contains only a l-colored K,, whilst 
n(2) = 5 and B, contains only a 2-colored K, in which the subgraph induced 
by each color is a cycle of length 5. In this paper both n(k) and B, are found 
and a generalisation of a result in [l] on the existence of bichromatic 
triangles in edge-colored complete graphs is included. 
If G is a multicolored graph with p vertices u,, Us,..., U, then the 
composition G(H, , H, ,..., H,] is formed by taking the disjoint multicolored 
graphs H, , H, ,..., H, and then joining every vertex of Hi to every vertex of 
Hi with an edge of color a whenever ui is joined to uj by an a-colored edge 
in G. 
LEMMA 1. For k > 3, every graph in B, has a disconnected color. 
Proof. Assume each color induces a connected graph. Since the total 
number of edges, (1) must be at least k(n - l), there are at least six vertices. 
Consider a triangle u1 v2 v3. Without loss of generality, assume u,uz is 
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FIGURE 1 
colored a while u1 u3 and vzuj are colored /?. There must be a shortest path 
of color y joining Us to one of U, or v2. Say it is u1u1u2 ..a u,u~. Each edge 
u, ui with i > 1 must be colored p to avoid a shorter y path. Similarly, each 
edge uj ui with i < m must be colored /?. Now m > 3 would force a 
monochromatic triangle u i u2 Us, so m is 1 or 2. If m = 1, vertex u, must be y 
joined to each of u,, v2, u3. If m = 2, edges u1u3, uzul and uzvz must be p 
and u1 u2 must be y. Thus, u, is y joined to each of u,, v2, u,. Thus, either 
case produces the structure in Fig. 1, where the new label w,, replaces either 
u3 or u,. Next, let wOwi ... w,,,ui be a shortest wO - u, path of color a. 
Again m = 1 or 2. If m = 1, we see that wi v, and w, u2 must both be a, 
forming the monochromatic triangle w, u1 uz. 
Similarly, if m = 2, edges w,, w2, w, u,, w2u, and w2u2 must all be y, and 
then w1 u, and w, v2 must be colored a. Again w, v, v2 is a monochromatic 
triangle. Thus, we conclude that any member of B, must have a disconnected 
color. 
THEOREM 1. For k= 2m +r with r=O or 1, n =n(k) = 2’5”. 
Furthermore, when k is even, each member of B,, has the form 
G,[H, , H, ,..., H,], where G, E B, is the unique 2-coloring of K, without 
bichromatic triangles and each Hi E Bz,-z. When k is odd, each graph in 
B 2m+ I is either K,[H,, H,] with each Hi E B,, or G,[H,, H, ,..., H5], where 
G,EB, andeach HiEB2,-,. 
ProoJ: The results are trivial for k = 1 and 2. We proceed by induction 
for k > 3. Assume the result for fewer than k colors. Among all the graphs in 
B,, select H to have a disconnected color, a, with the fewest number of 
components, say m. Let H,, H, ,..., H, be the complete graphs determined by 
the m components of H. Consider any pair of components, Hi and Hi. Select 
u E Hi and u E Hi, and suppose uu is colored /3. Then any vertex w  that is a 
adjacent to u in Hi must also have uw colored /?. Repetition of this argument 
on both components guarantees that every edge joining Hi to Hi must also 
be colored p. Since this applies to every pair of components, we conclude 
that there exists a multicolored graph G of order m so that H is the 
composition G[H, , H, ,..., HmJ. Call the s colors occurring in G “outer 
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colors” of H and the colors occurring within the components Hi “inner 
colors” of H. We claim that G is connected in each outer color. Otherwise, 
let B be a disconnected outer color. Then /I induces t < m components on G. 
For any components comprising an isolated vertex, ui, we may permute 
colors a and p within Hi so that Hi becomes a connected ,f3 component of a 
properly colored graph. In this new graph p is a disconnected color with 
fewer components than color a had in H. contradicting the choice of H. 
Thus G is connected in each of the s outer colors and each appears at every 
vertex of G. Thus the inner and outer colors of H are disjoint. 
Now each Hi must belong to B,_,. for otherwise Hi could be replaced by 
a member of B,-, increasing the size of H. Similarly, G E B,, for otherwise 
we could replace G with any member of B, and build a composition larger 
than H which is properly colored. Thus 1 HI = 1 GI /HI I. Now s = 1 or 2 
otherwise Lemma 1 requires G to have a disconnected color. If k is even, 
s= 1 gives IH~=:x~~‘, while s = 2 yields I HI = 5wz. Thus s must be 2. 
For odd k, either s = 1 or 2 yields JHJ = 2 X 5’k-1)‘2, as required. 
It remains to verify that everJ1 member of B, has the proper form. Let 
HE B, and choose a to be a disconnected color yielding the minimum 
number of components, m. We repeat much of the argument used above; H 
must be a composition GIH, , H,,..., H,], with s colors appearing in G. If 
one of the outer colors is not connected, by permuting inner colors within 
some H,‘s we produce H”’ with fewer components. Eventually HCp’ is found 
with every outer color connected, and the inner and outer colors of H@” are 
disjoint. Then G E B,, and s < 2. For even k, we must have s = 2, and 
H’P’ = G[H,, H,...., H5]. Now H is recovered by a sequence of permuting 
inner colors, so that H has this same form. Similarly, odd k provides the two 
forms indicated in the theorem. 
A vertex x is in a triangle if it is a vertex of that triangle. In 1 l] we 
showed that every k-colored K, satisfying 1 < k < 1 + & contains a 
bichromatic triangle. In Theorem 2 we prove, under the same hypothesis, 
that there are O(p) vertices in bichromatic triangles. 
THEOREM 2. Let 1 < k < 1 + 6, Then K, contains at most k - 2 
vertices not in a bichromatic triangle. 
Proof. Choose a vertex z of K, not in a bichromatic triangle. Let the 
color with the maximum number s of edges at z be color 1 and let these 
edges be zx, ,..., zx,. The remaining vertices are y, ,..., y,-, --s. All edges xixj 
have color 1. Let edge zy, have color 2. Now s > k - 2, for otherwise k > 
s + 2 >, (p - 1 )/k + 2, giving k > 1 + 6. Edges y, xi cannot have colors 1 
or 2 and thus there are only k - 2 colors available for these s > k - 2 edges. 
Some color or colors must be used more than once and each repetition of 
color gives a bichromatic triangle containing two x-vertices. Thus all .V 
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vertices and at least s -k + 3 x-vertices will be in bichromatic triangles, 
leaving at most k - 2 vertices not in a bichromatic triangle. 
To construct a k-coloring of K,, attaining k - 2 vertices not in any 
bichromatic triangle, label the vertices of K, {u,, v2 ,..., vk- *, x. 
M’, ,...3 wp+ I-/( }. Color edge vix using color i, and make every edge xwj color 
k - 1. All other edges are color k. Vertices x and wj lie in the bichromatic 
triangle XW~W~, but no 2ri lies in a bichromatic triangle since every triangle 
containing x and vi is trichromatic while every triangle avoiding x is 
monochromatic. 
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